Abstract. In rubber investigation, many strain energy models have been proposed for the hyperelastic behavior. One of earlier models, that of Gent- Thomas (1958) , based on theoretical and experimental considerations, has been forsaken in the rubber modeling literature, because of difficulties in establishing its domain of validity and then evaluating the relative mechanical parameters. This note presents how to validate a partial model that is suitable just in a portion of the complete experimental domain: moderate, transition and stiffening deformations. Illustrations of domain validation for the incomplete phenomenological Gent-Thomas model and a simulation with the constrained chain model of Flory-Erman are exposed and their numerical characterisation from experimental data is also revealed.
Introduction
In behavior modeling of hyperelastic materials, the stress-stretch relations are obtained from the strain energy function. The problem is the mastery of this strain energy function W. In material investigation, many starting forms of this energy have been proposed [1] [2] [3] [4] [5] . The use of an energy form depends on the mastery of parameters estimation from experimental acquisitions (or from molecular considerations). A principal reason why some earlier interesting models such as that of Gent-Thomas [2] were not often used, lies in the fact that the common procedure (least squares in single process) of parameter estimation does not allow their identification within a restricted region of the experimental (complete) domain. However, the earlier practical Mooney (or Mooney-Rivlin) model [1] , which unfortunately fails in predicting other deformation modes such as shear or biaxial deformation, is frequently used (even recently [6] ), in hyperelastic literature because its validation and fitting are well mastered by the use of the Mooney plot technique (the plot of the reduced stress as a function of reciprocal stretch in extension-compression). Let us note that according to Mooney model, the secant shear modulus is independent of the stretch, i.e., is constant. This is incorrect since experiment shows that the reduced shear stress varies as the stretch varies [7, 8] .
The fit of a model to data is an essential means for validating a model in hyperelasticity [8, 9] .
Hyperelastic uniaxial behavior
The uniaxial behavior of incompressible, homogenous and isotropic Green materials is given by Equation (1): (1) where W is the strain energy function, σ n the nominal stress and λ the stretch. This law can be rewritten in the strain invariants-based by Equation (2): (2) where I 1 = λ 2 + 2λ -1 and I 2 = 2λ + 2λ -2 are respectively the first and the second strain invariants. The reduced stress φ(λ) is defined by Equation (3): (3) where σ is the stress (Cauchy stress).
Validating domain and fitting the phenomenological Gent-Thomas model
The choice of the continuum Gent-Thomas model [2] lies in the fact that this model verifies theoretical and experimental requirements as concerns the dependence of the energy strain function on the strain invariants I 1 , I 2 ; and conditions on ∂W/∂I 1 and ∂W/∂I 2 [10, 11] . The Gent-Thomas model is given by Equation (4):
where K 1 and K 2 are material characteristics. The relative uniaxial behavior law can be rewritten, from Equations (2) and (3), as in Equation (5): (5) where φ GT is the reduced stress according to the Gent-Thomas model.
Ordinary procedure for parameters identification
The ordinary least squares procedure considers as base of approximation <P(λ)> given by Equation (6): (6) ξ k (λ) is a generating function. This leads to the estimated parameters K 1 and K 2 given by Equation (7):
The matrix coefficients are given by Equations (8) and (9):
Thus, Equations (10), (11), (12), (13) and (14) give the values of the coefficients:
where (λ k , σ nk ) are experimental data. The estimated parameters are recorded in Table 1 .
Multi-stage procedure
Let us consider, for x ∈ V N , ξ N (x) being the equivalent function of the function y(x), this leads to Equation (15) : 
should give a linear curve for x ∈ V N . The method consists in plotting the curve (ξ k (x), y(x)) by varying k to get a linear portion for certain values of x, which defines the identification sub-domain. The partial solution ξ k (x) is then determined and the weighting coefficient a k is given by the slope of the relative linear curve. Reiterating this procedure leads to the following recurrence formula [12] given by Equation (16): (16) where y k (x) is the function to be identified in the sub-domain V k .
To evaluate the Gent-Thomas parameters, one has first to look for the valid domain of the model.
From Equations (3) and (5), a change of variable is not possible, because the change X = λ/(2λ 3 + 1) is not a univocal function. This necessitates the use of the graphical step-by-step approach [12] . As previously stated, when plotting φ(x) versus λ/(2λ 3 +1), the domain where the curve is linear corresponds to the valid domain of the Gent-Thomas model, Figures 1a , 1b. The value of the parameter K 2 is given by the gradient of the straight line and that of K 1 is the intercept. These parameters can be graphically estimated or, for more accuracy, can be evaluated by the least squares method within the appropriate domain [13] identified (within the linear curve area).
Results
Let us consider for illustration purposes: on one hand, data of uniaxial tension of the Pak-Flory elastomer [14] , Figure 1 ; and on the other hand, those of the Treloar rubber [15] , Figure 2 . The parameter values obtained are recorded in Table 1 . Figure 1b, 1c shows a good fit of data from compression to moderate tension, by the single as well as the multi-stage process. The Gent-Thomas model is valid over the entire experimental deformation domain of Pak-Flory, i.e., moderate and transition deformation zones. For this band of deformation, the use of the ordinary (single process) least squares procedure remains operational for validating and fitting the Gent-Thomas model to data.
-For the Treloar data, one sees in Table 2 that the coefficient K 2 is negative-valued. This is at variance with the regression analysis of the constrained energy function by Johnson et al. [16] . From Figure 2a , we see that the single process is irrelevant. Figure 2b , 2c shows that the solution curves diverge markedly from the whole experimental data by the single process. While by the multi-stage process, a good fit of data is observed from small to moderate deformations though a noticeable deviation appears at large deformations. This is understandable because one does not a priori know the domain where the restricted Gent-Thomas model is suitable. The ordinary procedure uses the whole experimental data to evaluate the energy parameters in a single process. Considering a single process means that the reduced stress should be linear in the whole deformation region when plotting φ(λ) versus the generating function ξ 2 (λ). This is not always accurate since experimental data do not corroborate it in Figure 2a . This is due to the fact that the Treloar experimental domain is complete: moderate deformation field, transition zone and stiffening domain. This shows that the Gent-Thomas model is only valid in a limited deformation region, i.e., stretches under the upturn point of the reduced stress curve (in other words, at the falling part of the curve), 
Simulation: Validating domain and fitting the molecular Flory-Erman model
It is well known that for a constrained chain model, parameters are obtained from molecular consideration. But we propose a simulation approach for estimating these parameters by means of a numerical approach in order to appreciate the efficiency of the studied method.
Uniaxial behavior law
The constrained chain model of Erman-Mannorie [17, 18] is given by Equation (17): (17) where B j , D j and h(λ) are given by Equations (18), (19) and (20): (20) η is the cyclic rank of a network, k the Boltzmann's constant, T the absolute temperature, γ is the number of chains meeting at a junction (the functionality of the network junction), κ is a measure of strengths of the constraints, N is the chain density (η = N/2 for a perfect tetra functional network). For the Flory-Erman model [18, 19] γ is equal to two, so h(λ), B j and D j are given by Equations (21), (22) and (23):
From Equation (1), the behavior law is given by Equation (24) 
This expression shows a unique corresponding generating function ξ 1 (λ). Let us consider ξ 1 (λ) = ξ FE (λ). Hence, ξ FE (λ) is given by Equation (25) ) ( 
Ordinary procedure for parameters identification
For the ordinary procedure, the base of approximation contains a unique generating function and is given by Equation (26): (26) As a result, the parameter NkT is given by Equation (27): (27) where (λ k , σ nk ) are experimental data. The estimated parameters of the Flory-Erman model are recorded in Tables 3 and 4 and are compared to theoretical values (real values, from molecular considerations) [19, 20] . 
Multi-stage procedure for identification
As previously seen, to evaluate parameters by the multi-stage procedure, one plots the reduced stress versus the generating function ξ FE (λ). It permits both the determination of the valid domain of the model, i.e., where the curve is linear; and the value of the parameter NkT, which is given by the gradient of the straight part of the curve, Figures 3a and 4a. Tables 3 and 4 
Complete models
This paper presents how to validate a partial model in general and that of Gent-Thomas in particular, because of difficulties when using the ordinary identification procedure. The complete modeling is not considered in this work. Let us note that for a complete model such as that of Pucci-Saccomandi (also called Gent-Gent model) [22] given by Equation (28) or that of Beda (the extended Gent-Thomas model) [21] given by Equation (29), the ordinary as well as the multistage procedure remains appropriate for evaluating the parameters [9, 12, 13, 21] . The Gent-Gent model is given by Equation ( 
where K i are positive real numbers characteristic of material. The integer M (condition apply: M ≥ 3) is the order of the model or material order [21] . Let us also note that the Pucci-Saccomandi (GentGent) and Beda (extended Gent-Thomas) models give similar precise results [21] .
Conclusions
A technique of validating partial hyperelastic models over a complete experimental range of deformation is set out. The Gent-Thomas model, an earlier and starting partial model, which successfully verifies experimental and theoretical requirements, but unfortunately not sufficiently exploited in hyperelastic modeling, can now be easily employed in rubber modeling and characterization. It comes out that the Gent-Thomas model is valid only under the stiffening deformation domain of rubber material. 
